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Direct, Inverse, and Joint Variations
Sect 2.4 Direct Variation
Pg. 94

y varies directly with x is shown using the equation y = kx and k ≠ 0. k is called the constant of variation.
To write the equation you must first find k based on the information that is provided in the problem.

Example:  y varies directly with x.  Write the equation that relates the variables given that x = 4 and y = 12.  Then solve for y when x = 5.

Step1:  Plug in the original values of x and y
12 = k*4

Step 2: solve for k


[image: image1.wmf]124

44

k

·

=

      3 = k

Step 3: write the equation with the k you just found.
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Step 4: solve for y when x = 5

y = 3*5

y = 15

You can also that x varies directly with y.  In this case, the x and the y are simply reversed.  All other steps are the same.
Try these  
a. y varies directly with x
b.  x varies directly with  y
y = 12 and x = 2

     x = 5 and y = 15
Find y when x = 5.

     Find x when y = 24..
Sect 9.1 Inverse Variation
Pg. 534

y varies inversely with x is shown by the equation  
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y

x

=

 and k ≠ 0.
And x varies inversely with y is shown by the equation 
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You work these problems the same way as direct.  You plug in the original values of x and y and solve for k.  Then you plug the k into the equation.

Example:  y varies inversely with x, y = 8 when x = 3.  Write the equation that relates y and x, then find y when x = -4.

Step1: plug in the original x and y values
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Step 2: Solve for k
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Step 3: Write equation using the k you just found.
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Step 4: Solve for y when x = -4
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You try it.

a.  y varies inversely with x



b.  x varies inversely with y

     y = 5 when x = 3




     x = 4 when y = 9

    Write an equation that relates x and y.
           Write an equation that relates x and y.

     Find y when x = 45



     Find x when y = 6

9.1 Joint Variation

Pg. 536

Joint variation occurs when a quantity varies directly as the product of two or more other quantities.  So z varies jointly with x and y is shown by the equation z = kxy, k ≠ 0.

You use the same steps as direct and inverse variation to write an equation and solve for z given new values of x and y.

You try

z varies jointly with x and y

z = 24 when x = 2 and y = 3
Write an equation that relates x, y, and z.

Find z when x = 5 and y = ½ .

Combining different variations

Write an equation for the given relationship.

y varies directly with the square of x.

z varies directly with x and inversely with y

CW:  pg 96 (43-45)

Pg 537-539 ( 4-19,29,39)

HW:  pg 96 (46,47,48-51)

Pg 537-539 (21-28,30-35,40,41,45-47,51-53)

Graphing Rational Functions
9.2 Graphing Simple Rational Functions

A Rational Function is a function in the form 
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 where p(x) and q(x) are polynomials and q(x) ≠ 0.

All rational functions of the form 
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 have graphs called HYPERBOLAS    with asymptotes at x = h and y = k.

Asymptotes are lines that a graph approaches but never reaches.

Domain: the set of all inputs; the set of all x values.
Range: the set of all outputs; the set of all y values.

Steps to graphing

Step 1: define the domain and range

Step 2: Identify the vertical and horizontal asymptotes and sketch them on your graph
Step 3: Create an input output table by choosing two(2) values to the left of the vertical  

asymptote and two(2) values to the right of the vertical asymptote.  

Step 4: Plot the points from Step 3.

Step 5:  Use the Asymptotes and the points plotted in step 4 to sketch the two branches of the hyperbola.

Example 1 pg 541: Graph 
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.  State the Domain and the Range

Steps 1 and 2 actually go together.  If you find your asymptotes, you have your range and your domain.

Horizontal asymptote is y = k.  In this problem, k = -1. 

So the horizontal asymptote is y = -1
Therefore the Range is all real numbers except -1.

The Vertical Asymptote is x = h.  In this problem, h = -3.  

So the vertical asymptote is x = -3.  

**You can also get this by setting the denominator = to 0 and solving for x.

Therefore the Domain is all real numbers except -3.

	x
	y

	-4
	1

	-5
	0

	-1
	-2

	1
	-3/2


 Step 3: create input out put table   


Step 4: Plot Points
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Step 5: sketch graph
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9.3 Graphing General Rational Functions

Characteristics of the graphs of rational functions
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  , p(x) and q(x) are polynomials with no common factors other than 1.
1. The x intercepts are the real zeros of p(x), in other words, set the numerator = 0 and solve for x.

2. The vertical asymptotes are the real zeros of q(x), in other words, set the denominator = 0 and solve for x.

3. The horizontal asymptote depends on the degree of p, we will call it m,             and q, we will call it n.
a. If m < n, in other words the degree of p is less than the degree of q,      then the horizontal asymptote is y = 0.
b. If m = n, in other words, the degrees are equal, then the horizontal asymptote is 
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, where am is the leading coefficient of p and an is the leading coefficient for q.

c. If m > n, in other words the degree of p is greater than the degree of q,    then there is NO horizontal asymptote.  The graph’s end behavior is the same as the graph of 
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Example 1, pg 547: Graph 
[image: image17.wmf]2

4

1

y

x

=

+

.  State the Domain and Range, and find the  Vertical Asymptotes, Horizontal asymptote, and x intercepts, if there are any.

Domain and vertical asymptote: set the denominator = 0


x2 + 1 = 0


x2 = -1( this tells us the denominator has NO REAL zeros. So there is no vertical 
asymptote and the domain is all real numbers.
Range and horizontal asymptote: Since the degree of the numerator is 0 (no x in the 

numerator) and the degree of the denominator is 2, we use option a in number 3 above and get the horizontal asymptote as y = 0.
The Range then has the lower limit of 0 and an upper limit of 4 so the range is all real numbers such that 0 < y ≤ 4.

X-intercepts: since there is not an x in the numerator and the horizontal asymptote is y = 

0, there are no x intercepts.

To graph create an input output table and plot the points.  See Page 547 in the book for the graph.

Example 2, pg 548: Graph 
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, find the Vertical Asymptotes, Horizontal asymptote, and x intercepts if there are any.
x-intercepts: set the numerator = 0 and solve for x



3x2 = 0



x2 = 0

 

x = 0( so the only x-intercept is (0,0)

Vertical Asymptotes: Set the denominator = 0 and solve for x.



x2 – 4 = 0 ( difference of perfect squares



(x - 2)(x + 2) = 0



x – 2 = 0 or x + 2 = 0



x = 2 or x = -2  ( These are the vertical asymptotes

Horizontal Asymptotes: Compare degree of numerator to degree of denominator.


Since the degrees are the same the horizontal asymptote is 
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So y = 3 is the horizontal asymptote.

See the input/output table and graph on page 548.

Example 3, p 548: Graph 
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, find the Vertical Asymptotes, Horizontal asymptote, and x intercepts if there are any.

x-intercepts: set the numerator = 0 and solve for x



x2-2x-3 = 0  ( Factor



 (x – 3)(x + 1) = 0

 

x – 3 = 0 or x + 1 =0 

x = 3, x = -1( so the x-intercepts are (3,0) and (-1,0)

Vertical Asymptotes: Set the denominator = 0 and solve for x.



x + 4 = 0 



x = -4  ( This is the vertical asymptote

Horizontal Asymptotes: Compare degree of numerator to degree of denominator.

Since the degree of the numerator is larger than the denominator there is NO horizontal asymptote.

See the input/output table and graph on page 548.

CW: pg 543 ( 4,5)

        Pg 550 Find the x-intercepts and Vertical and Horizontal asymptotes if they exist.


        (4-9)

HW: p 543 (11,12,14,15,20-22,23,24)

Pg 550 Find the x-intercepts and Vertical and Horizontal asymptotes if they exist.



(11-19,33) and follow the book directions for (20-25)

9.4 Multiplying and Dividing Rational Expressions

Simplifying Rational Expressions

Step 1.  Factor the numerator completely

Step 2.  Factor the denominator completely

Step 3.  Cancel out common factors and rewrite the answer.

Examples:
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Step 1:  Factor the numerator   
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Step 2:  Factor the denominator 
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 Step 3:  Cancel out common factors 
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 Rewrite the answer 
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  Step 1 and 2   
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     Step 3              
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    Rewrite            
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Multiplying rational expressions

Multiplying rational expression is the same as multiplying fractions.  

Step 1:  Numerator * Numerator 

Step 2:  Denominator * Denominator

Step 3:  Simplify

OR

Step 1: Simplify

Step 2: Numerator*Numerator

Step 3: Denominator*Denominator

Examples:
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   Step 1 and 2   
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   Step 3 
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OR
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I prefer to factor and simplify before I multiply.
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     factor  (    
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Cancel common factors 
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Multiply remaining factors 
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Your turn to try
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Remember that you can put 4x2 + 2x + 1 over 1 with out changing its value.

Also remember that a3 – b3 = (a – b)(a2 + ab + b2)

Dividing Rational Expressions

Dividing rational expressions is the same as diving fractions.

You flip the second expression and multiply.

For example: 
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[image: image43.wmf]232

333

51056

26210

xxxy

yyyx

¸=·


Now you follow the same rules/steps as you do for multiplication
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Example 5 pg 556
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   (   Flip and multiply  (  
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  Factor (  
[image: image49.wmf](

)

(

)

(

)

(

)

42

5

342

xx

x

xxx

--

·

--




        Cancel common factors    ( 
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          Multiply  (
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CW: p 558-559 (3,6,9,12)
HW: p 558-559 (16-43, every 3rd ,44,45)

In other words (16,19,22,25,28,31,34,37,40,43,44,45)

9.5 Addition, Subtraction, and            Complex Fractions

Adding and Subtracting Rational Expressions
Just like adding and subtracting fractions, you must have a common denominator before you can perform the operation.

Steps for addition and subtraction

Step 1: check for like denominators


If like denominators skip to step 2


If unlike denominators


Step a: factor both denominators completely


Step b.  Find the LCD


Step c: multiply the numerator and denominator by the missing factors.  

Remember each term will be multiplied by a different set of factors.

Also remember that what you do to the numerator you must do to the denominator.


Step d: continue to step 2.

Step 2: Add or subtract numerators

Step 3: simplify

Like denominators
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Since the denominators are the same, you simply add the numerators and 

leave the denominator the same.
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Now simplify your answer 
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Your turn to try
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Unlike denominators

First you must find the LCD (least common denominator).  To do this factor each denominator and see what they have in common. 
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The first equation needs another 2 and (x - 3).  The second equation needs a 3 and an x.
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Remember whatever you do to the denominator you must also do to the numerator

Now we have 
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We distribute the 10 and then add the numerators we get 
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  if we could factor and simplify we would, but since we can’t the problem is finished.
Your turn to try
Remember to factor both denominators completely
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Complex Fractions

These are fractions with in fractions

Step 1: Simplify your denominator

Step 2: Remember that fractions are also division problems.


So we flip the denominator and multiply it by the numerator

Step 3: Simplify

Example:
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       Step 1: simplify your denominator  In this case we need to find the LCD 

and add the two terms.
Side work for denominator
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Now we can rewrite the original problem
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Now we can do step 2. Flip and Multiply
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  Step 3: Simplify 
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Your turn to try

#8, p 565  
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p 565-566

CW: 5-7, 9

HW: 12,15,18,20,21,26,29,35,38,41
9.6 Solving Rational Equations
Remember, ALWAYS check your solutions to make sure they are not extraneous solutions.

Multiplying by LCD

One way to solve a rational equation is to multiply all terms on both sides of the equation by the LCD.  This eliminates all fractions and makes the problem easier to solve.

Example 1: p568

Solve: 
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STEP 1: Find the LCD


The LCD for this problem is 2x.

STEP 2: Multiply all terms on both sides of the equation by the LCD
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STEP 3: Solve for x.
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STEP 4: Check for Extraneous Solutions


Make sure your solution does not cause division by zero or an inconsistent 

statement.
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     Our Solution checks

Example 2: P568

Solve: 
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   Follow the same steps as in Example 1.

STEP 1: LCD (x – 2)

STEP 2: 
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STEP 3: 
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STEP 4: 
[image: image76.wmf]510

7

2222

510

7

00

x

x

=+

--

=+

  

Since the solution 2 caused a division by 0, it is not a solution.
THEREFORE, this problem has NO SOLUTION.

Example 3: p 569
Solve: 
[image: image77.wmf]2

4112

3

11

x

xx

+

=+

+-


Step 1: LCD = (x - 1)(x + 1)

Step 2: 
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Step 3: 
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Step 4: Both solutions work

Cross Multiplication
Sometimes you can use cross multiplication.  If you have ONE fraction on each side of the = and nothing else, you can cross multiply.

Example 4: p 569

Solve: 
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STEP 1: Cross Multiply
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STEP 2: now finish the multiplication
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STEP 3: Check for Extraneous solutions
And you will find that 1 is NOT a solution

The only solution for this problem is 2.

Pg 571-572
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